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A DISCRETENESS CRITERION FOR GROUPS CONTAINING 

SCREW TRANSLATIONS 

VIVEKA ERLANDSSON AND SAEED ZAKERI 

Abstract. This note will prove a discreteness criterion for groups of oricntation- 



fvj preserving isometries of the 4-diniensional hyperbolic space which contain an 

, , irrational screw translation. It can be viewed as a generalization of the well-known 

^ I results of Shimizu-Leutbecher and J0rgensen in dimensions 2 and 3, and is in the 

•^r same spirit as Waterman's inequality for higher dimensions. Unlike his algebraic 

method, the argument presented here is geometric and yields a sharper asymptotic 

bound. 



1. The result 

^ We will need a few basic facts about the hyperbolic space and its isometries. The 

G material is standard and can be found in several references such as [2], [6], and [9], 

to name a few. 

J> Throughout we will use the upper half-space model for the 4-dimensional real 

^ hyperbolic space: 

^ m'^ = {x = {v,t) : V e M^ t > 0}. 



The extended boundary dM.^ = M'^ U {oo} is homeomorphic to the 3-sphere, with the 
closure EI ^ = H^ U 9EI^ homeomorphic to the closed 4-ball. The hyperbolic metric 



cn {dv"^ + dt^)/t^ on H^ induces the distance p(-, ■) which satisfies 



1) cosh(p(x, x)) = l + — — ^ (x, X e e^) 



^ Here 11 ■ 11 is the Euclidean norm in M^ and t, t are the last coordinates of x, x. 

We denote by Isom'''(]HI^) the group of orientation-preserving isometries of H^ with 
respect to hyperbolic metric. Every element of Isom^(EI^) extends continuously to a 
Mobius map acting on dM.^. Conversely, the "Poincare extension" of every Mobius 
map of dW^ is an element of Isom'''(EI^). It follows that Isom'''(EI^) is canonically 
isomorphic to the group Mob (3) of orientation-preserving Mobius maps acting on the 
3-sphere. For each g G Isom'''(]HI^), the fixed point set Yix{g) = {x G H'* : g{x) = x} 
is non-empty. A non-identity g is elliptic if Fix(5f) intersects H^, loxodromic if 
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Fix{g) consists of two distinct points on dM^, and parabolic if Fix{g) consists of a 
unique point on dW^. Every parabolic isometry g is conjugate to the normal form 

(2) {v,t)^ {Av + a,t) (^;GM^t>0) 

fixing oo G dM^, where A G S0(3) and a G M^ is non-zero with Aa = a. The 
conjugacy class of A in SO (3) is uniquely determined by g. We call g a pure 
translation ii A = I, and a screw translation ii A ^ I. A screw translation 
is rational if A has finite order, and is irrational otherwise. These correspond to 
the cases where the angle of rotation of A about its axis is a rational or irrational 
multiple of 27r. 

Consider a discrete group F C Isom^(EI^) which acts freely on W^ and contains a 
parabolic element which fixes, say, oo G dM.'^. The stabilizer 

Foo = {g eT : g{oo) = oo} 

is then a maximal parabolic subgroup of F. For e > 0, define the Margulis region 

associated with Fqo by 

(3) T{Too) = {s G H^ : p{g{x),x) < e for some g G Fqo \ {id}}. 

It is not hard to see that T(Foo) is a non-empty domain in M^ having oo on its 
boundary. Furthermore, when e is small (less than the Margulis constant of H^), 
T = T(Foo) is precisely invariant under Fqo in the sense that 

'g{T) =T a ger^ 

g{T)nT = % if ^gFxFoo 

(see [3]). When Fqo consists only of pure translations or rational screw translations, 
T(Foo) contains a precisely invariant horoball based at oo. But when there is an 
irrational screw translation in Fqo, the Margulis region T(Foo) cannot contain a 
horoball. In fact, examples constructed by Apanasov [Ij and Ohtake [5] show that such 
groups may fail to have any precisely invariant horoball. In this case, the geometry of 
the Margulis region becomes relevant in understanding the corresponding parabolic 
end of the quotient manifold H^/F. 

To describe this geometry more explicitly, following [8] we use the coordinates 
{r,6,z,t) in H^, where {r,6,z) are the cylindrical coordinates of M^ and t > 0. We 
assume 6 G M/Z, which amounts to measuring the polar angle in full turns rather than 
multiples of 27r. It follows from the normal form ^ that every parabolic isometry is 
conjugate to the map 

(4) go,: {r,e,z,t)^ {r,9 + a,z + l,t) 

for a unique angle a G M/Z. When the stabilizer Fqo contains an irrational screw 
translation, it is necessarily a cyclic group [3], so we may assume without loss of 
generality that Fqo is generated by the map ga for some irrational a. As the Margulis 
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region T(roo) is now independent of the rest of the group T, and to emphasize its sole 
dependence on a, we denote it by T^. It follows from the definition ^ that 

oo 

(5) T^ = [JT^„ 

i=i 

where 

T^,, = {xem^:p{g°J{x),x)<e}. 

Note that we have taken the union over positive j only since Taj = T^-j- By Q, 
the condition (r, 6*, z, t) G T„ j is equivalent to 

||(r,g + ja,2: + j,t)-(r,g,2:/ ^ii^ 

or 

4sin^(7rja) r^ + j^ 



< cosh(£) 



< cosh(£) — 1. 



2t2 
Define the sequence of functions u^j '■ [0, oo) — )■ M by 



(6) ""ojl^) = c(£:) y 4sin (ttjo;) r^ + j2 



where c(e) = l/A/2cosh(e) — 2. Then, 

If we define the boundary function SS^ : [0, oo) — )• M by 

^a{r) = miua,j{r), 

it follows from ([s]) that 

Ta = {{r,e,z,t) G e^ : t > ^„(r)}. 

It is easy to see that ^a is strictly increasing and piecewise smooth. Moreover, the 
asymptotic behavior of ^ai^^) as r — )■ oo turns out to depend on the arithmetical 
properties of a determined by its continued fraction expansion (see [S] and [3]). In a 
recent work, we have investigated this dependence to prove the following result: 

Theorem 1 ([3J). For every irrational a G M/Z, the boundary function SS^ of the 
Margulis region T^ satisfies the asymptotically universal upper hound 

^a{f) < const, r^'"^ for large r. 

If a is Diophantine of exponent u > 2, then SS^ satisfies the lower bound 

^a{f) > const. r^'^'^'^~'^' for large r. 
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The upper bound is asymptotically universal in the sense that the constant involved 
is independent of a. In fact, a quantitative version of this result shows that 

sup limsup — —j=- < 1,000. 



On the other hand, there are irrationals a of Liouville type for which ^a has 
arbitrarily slow growth over long intervals [3]. 

In this note, we will use the geometry of the Margulis region to prove a discreteness 
criterion for subgroups of Isom'''(EI^) which contain irrational screw translations. 
Our result can be viewed as a generalization of the well-known results of Shimizu- 
Leutbecher [7] and J0rgensen |1] in dimensions 2 and 3 which give a uniform bound 
on the radii of the isometric spheres of elements in a discrete group which move 
the parabolic fixed point oo. In higher dimensions, Ohtake [3] has shown that no 
such uniform bound exists in the presence of an irrational screw translation. In [TOj , 
Waterman obtains a bound on the radii of the isometric spheres as a function of the 
Euclidean distance that their centers move under the screw translation. Our result 
similarly bounds the radii in terms of the centers of the isometric spheres. 

For each h G Isom"'"(]HI^) with h{oo) ^ oo, denote the isometric circle of h by Ih, 
the Euclidean radius of Ih by Rh, and the r-coordinate of the center of Ih by Vh- 

Theorem 2 (Discreteness Criterion). Let h G Isom'''(EI^) with h{oo) ^ oo. Suppose 
the subgroup {h,ga) C Isom^(EI^) is discrete for some irrational a G M/Z. Then 

Rh<{^a{rh)^a{rh-^)Y^'. 
In particular, we have the asymptotically universal bound 

Rh < const. [rhTh-iY^'^ for large rh,rh-i. 



This asymptotic bound turns out to be substantially better than the one in [TO]; see 
the discussion at the end of the next section. 

2. The Proof 

Let us recall a few basic facts about isometric circles. Consider a map h G Mob(3) 
with h{oo) 7^ oo, and let v = h~^{oo), v' = h{oo). It is not hard to check that h 
maps each Euchdean sphere S{v,R) = {w E M.^ : \\w — v\\ = R} to a. Euclidean 
sphere S{v',R'). Here R \-^ R' is a. decreasing function, with limn^oR' = oo and 
\im.R^oo R' = 0. Hence there is a unique radius Rh > such that h{S{v,Rh)) = 
S{v',Rh)- We call S{v,Rh) the isometric sphere of h and denote it by Ih- The 
map h : Ih ^ Ih~^ is a Euclidean isometry, and Rh = Rh-^- Moreover, h maps the 
interior (resp. exterior) of Ih to the exterior (resp. interior) of //j-i. 

If /i G Isom^(EI^) with h{oo) ^ oo, we define the isometric sphere Ih as the convex 
hull of the isometric sphere of the boundary map h\Q^4 G Mob (3), that is, the upper 
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Figure 1 . Proof of Tlieorem H 



hemisphere in M.^ with the same center and radius as those of Ih\ 4 • The center of Ih 
hes on dM.'^, so it has coordinates {vh,0) G M'^ x {0}. We denote by r^ the distance 
from Vh to the 2;-axis in M.^. In terms of our coordinates {r,6,z,t) of H^, this is just 
the r-coordinate of the center of Ih- The north pole Nh of the isometric circle Ih has 
coordinates {vh,Rh)- Since h{vh,0) = cxd and h{oo) = (f/i-i,0), h carries the vertical 
geodesic from {vh,0) to 00 isometrically to the vertical geodesic from (^^-1,0) to 00. 
It follows in particular that h{Nh) = Nh-i. 

Proof of Theorem [^ For convenience we drop the subscript h from our notations 
and denote the quantities associated with h~^ with a minus sign. There is nothing 
to prove if i? < e^a(r) and R < ^a{r~), so let us assume that R > ^a{r) (the 
case R > ^a{r~) is similar). The vertical geodesic segment a from the north pole 
A^ = {v,R) down to {v,^a{f)) lies in the Margulis region T^ and has hyperbolic 
length log(i?/^a(^)) (see Fig. [I]). The image h{a) is the vertical geodesic segment 
from A^^ = {v~ , R) up to {v~, t) for some t, and has the same length as a. It follows 
that log{t/R) = log(i?/^„(r)), or R^ = BSa{r)t. Let F = (/i,^„) and let F^o = {ga) 
be the stabilizer of cxd. Since T^ is precisely invariant under the action of Fqo and 
h ^ Foo, the image h{a) must be disjoint from T^. This shows t < ^Q,(r~), and 
proves the required inequality R^ < ^a{r)^a{r~). 

The asymptotically universal bound R < const. (rr~)^''^ follows from this and 
Theorem [H D 



A comment on Theorem ^ is in order. Waterman's result in [TU] is the inequality 

Rh < Ka \\ga{Vh) -Vh\\^^^ \\ga{Vh-i) - %-! |^^^ 

where Ka is a constant depending on a. He derives this via a purely algebraic 
argument based on Clifford matrix representation of Mobius maps, and assuming 
dist(a,Z) is small. Replacing ga by the iterate g"^^ , and using the distance formula 
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Q and the definition of the functions Uaj in (|6|, one can re- write the above inequality 

as 

(7) ^'-^) ^'"'-''^"'^ ^c.ArH-^)f" (j > 1). 

Since each Uaj is asymptotically linear in r, for large rh,rh-i these bounds take the 
form 

Rh < const. (r/,r/i-i)^/^. 
Our geometric approach, in effect, takes the infimum over all j of the upper bounds 
in (It]), which yields the improved 4th-root asymptotic bound. It is not hard to 
construct 2-generator groups of isometrics of H^ containing g^ that are non-discrete 
by Theorem |2| for which Waterman's criterion remains inconclusive. 
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